arXiv:math/0503720vl [math.DS] 30 Mar 2005 


WANDERING FATOU COMPONENTS ON p-ADlC 
POLYNOMIAL DYNAMICS 

Gabriela Fernandez Lamilla 


Abstract 

We will study perturbations of the polynomials Pa, of the form 

Qx = Px + Q 

in the space of centered monic polynomials, where P\ is the polynomial family defined by 

P^{z) = -zP+(l--]zP+^ 

p \ pj 

with AsA = {z:| 2 ; — 1|<1}, studied by Benedetto , who showed that for a dense set of 
parameters, the polynomials P\ have a wandering disc contained in the filled Julia set. 

We will show an analogous result for the family Qx, obtaining the following consequence: 
The polynomials P\ belong to Ep+i where Ep+i denotes the set of polynomials that have 
a wandering disc in the filled Julia set, in the space of centered monic polynomials of degree 
p+l. 
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1 Introduction 


In complex dynamics there exists an extensive study of polynomials as dynamical systems 
acting on C. The orbit of a point zq € C under a polynomial / € C[z] is the sequence 
zq, zi, Z 2 , ■. ■ defined by 

Zn = /”(zo). 

Subsets of C which are of particular interest are the filled Julia set, which is the set of 
points with bounded orbit; the Julia set, which corresponds to the boundary of the filled 
Julia set; and the Fatou set, the complement of the Julia set. 

A important result of Sullivan m says that for all polynomials / G C[ 2 ;] there is no 
wandering component of the Fatou set, i.e. every connected component of the Fatou set 
is pre-periodic under the action of / (This result holds also for rational functions but our 
emphasis will be on polynomials). 

Recently the study of iterations of rational functions over C has been extended to the 
study of rational functions with coefficient in the field Cp (pQ, [3], [5|, |3]). This field is the 
smallest complete algebraically closed extension of Q with respect to the p-adic valuation. 
The construction of Cp is analogous to that of the complex numbers starting with rational 
numbers and the usual absolute value, some interesting differences arise between C and Cp. 

The field Cp, endowed with the p-adic valuation, is an ultrametric space, i.e. for all 
X, y G Cp 

\x + y\ < max{|a::|, |y|}. 

From the above inequality, known as the strong triangle inequality, it follows that Cp 
is totally disconnected, so the connected component notion used in complex dynamics must 
be replaced by the concept of infraconnected component (see [3). 

The motivation of this work arises from a result of Benedetto PP , who studied the family 
of polynomials in Cp[z] defined by 

Pa( 2) = - ff--) zP+\ 

P \ Pj 

where A G A = {A G Cp : |A — l|p < 1}, obtaining the following result: 

Theorem (Benedetto). There is a dense set of parameters A G A such that the polynomial 
Px has a wandering disc contained in the filled Julia set which is not attracted to an attracting 
cycle. 

From the above theorem we conclude that there exist polynomials in Cp[z\ with wander¬ 
ing infraconnected components of the Fatou set, in contrast with the result of Sullivan for 
complex rational functions. 

In this work, we will study perturbations of the polynomials Pa, of the form 

Qx = Pa + Q, 

1 

where Q is a polynomial with ||(5|| < ^ and we will obtain the following result (for the 

definition of ||Q|| see Section 2.1). 
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Theorem. There is a dense set of parameters A S A such that Q\ has a wandering disc 
contained in the filled Julia set which is not attracted to an attracting cycle. 

Let Fold be the space of monic centered polynomials of degree d > 2 and coefficients in 
Cp. The parameter space Fold is naturally identified with Cp“^. If we call Ed the set of 
polynomials in Fold that have a wandering disc, from the above theorem, we obtain directly 
the following consequence. 

Corollary. For all A £ A, the polynomial F\ belong to the interior of i?p+i. 

In addition, we will prove that the above theorem is also true for a wider class of per¬ 
turbations of the polynomials Fx- In fact, if we consider Rb the set of rational functions 
without poles in the fixed ball B = {z ■. \z\ < r} (r > 1) and the subset R§ of functions in 
Rb with a wandering disc, we obtain the following consequence. 

Corollary. For all A £ A, the polynomial Fx belong to the interior of Rg. 

In sections 2.1 and 2.2 we recall some basic concepts and facts from ultrametric analysis 
and dynamics. In Section 2.3 we will present in detail some results and techniques used in [J] 
since they are essential for our study of the perturbation Qx- Our study is not done directly 
on Qx, but it is more convenient to work with an affinely conjugated map Q\. In Section 
3.1 we study the behavior of Q\ over the filled Julia set. Finally, in Section 3.2 we mimic ^ 
to study Qa ^ function of the parameter A and prove our main result. 
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2 Preliminaries 


In this section we recall definitions and results that are used throughout this work. 

The field Cp endowed with the p-adic valuation denoted by | • | is an ultrametric space, 
i.e. for zo,zi € Cp we have that \zq — Zi\ < max{|zo|, |2i|}- From this inequality and the 
completeness of Cp arise interesting topological and geometrical results, some of them are: 

(i) The value group of the valuation is the set |C*| := {|z| : z S C*} = {p’’ : r G Q}. 

(ii) The isosceles triangle principle: If \zi\ yf \z 2 \, then jzi + Z 2 I = max{|zi|, |z 2 |}- 

(iii) For Zq S Cp, r G |Cp|, the open ball with radius r and center zq is the set 

Sr(zo) = {z G Cp : |z - Zo| < r} 
and the closed ball with center zq and radius r is the set 

Br(zo) = {z G Cp : |z - zo| < r}. 

These are open and closed sets in the topology of Cp. By definition, we have that the 
diameter of B denoted diam(i3) belong to |C*|, where B is an open or closed ball. 

We denote by Oc^ the closed ball {z : |z| < 1}. 

(iv) Every point of a ball is a center, that is, if zi G Br{zo) (resp. Zi G Br(zo)), then 
Br(zi) = Br(zo) (resp. ^^(zi) = Br{zo)). 

(v) If two balls have not empty intersection then one is contained in the other one. 

The properties below are about convergence in ultrametric spaces, some of them are 
different than in archimedean analysis. Let oi, 02 ,..., a„,... be a sequence in Cp. Then 

(vi) If lim Gn = a and a yf 0, then there exists a no such that |a„| = |a| for all n > no- 

n—^oc 

00 

(vii) The series a„ converges if and only if lim a„ = 0. 

n=l 

00 / 

(viii) The power series ^ a„x" has convergence radius r := | lim sup iy|a„| 

n=l \ n^oo 

00 

(ix) If r is the convergence radius of ^ a„a:", then the map 

n—1 

00 

X I—> 

n—1 

is differentiable in Br{0) and its derivative is 

00 

X I-> 

n—1 
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2.1 Ultrametric analysis. 

Let i? be a ball with radius r (open or closed), we denote by Ti-iB) the ring of power 
series which converge in B. The space 'H{B) endowed with the norm 


II/IIb = sup|a,|r* 

z>0 


is a complete ultrametric valued ring. 

As in the complex case, a rational function can be written as a power series around every 
point zq which is not a pole. But observe that if we consider the function / : Cp —> Cp 
given by 


fiz) 


1, |z| < 1 
0 , 1^1 >1 


we have that also can be written as power series around every point of Cp. Hence, it is clear 
that the idea of holomorphic functions in Cp is different from the one in C, which it is defined 
by a local property. Indeed, a function defined in a subset X of Cp is holomorphic if it is 
the uniform limit of rational functions without poles in X (see |5]). In this work, we only 
consider holomorphic functions defined on a ball B and, in this case, the definition coincides 
with the complex one: a function / is holomorphic in B if and only if / can be written 
as a convergent power series in B. Thus, 'H{B) is the space of holomorphic functions in the 
disc B. 


Now, we will show an analogous to the Newton’s method, in order to guarantee the 
existence of roots in a holomorphic function. 


Lemma 2.1 (Hensel). Let f G If there exists zq G Oc^ with \f{zo)\ < \f {zo)\‘^, 

then there is an unique root w of f such that |w — zo| < -rCy-^- 

1/ (^o)l 


Proof: 

We define recursively the sequence. 


Zl = Zq 


f(zo) 

fizoY 


fjZn) 

f'{Zn)' 


We will show inductively that: 

(i) \f{z„)\ < C'2"|/(zo)P, where C = I < 1- 

1/ (2o)| 

(ii) \f\zn)\ = \f\zo)\. 

(hi) \zn - zo\ = \zi - zo\- 

Now 


f{zi) = f{zo + zi- zo) = f(zo) + f'(zo)(zi - zo) + d(zi - zof = d(zi - zof 
for some d = d(zo, Zi) G Ocp- Therefore 
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|/(zi)| = |d(zi - zo)2| < |zi - zop = C^\f{zo)\^. 


and 

f'izi) = f'{zo) + e{zi - zo) 
for some e = e{zQ,zi) G Ocp- Hence 

fizo) 


\f{zi) - f{zo)\ < \zi - zo\ < 


fizo) 


< \nzo)\. 


From the previous inequality, and the isosceles triangle principle applied to \f'{zi) — 
f'{zo) + f'{zo)\ we have that 

i/'(zi)i = \nzo)\. 

The inductive steps for (i) and (ii) are analogous to the previous one, (iii) is direct 
consequence of (i) and (ii). 

Since \ f'{zn)\ = \f{zo)\, we have that \zn+i - Zn\ = \f’{zo)\, so {z„}n6N 

1 / {Zn)\ 

is a Cauchy sequence and if we denote its limit by w we get, from (i) and (iii), that w is a 

root of / and Iw - zo\ < □ 

1/ (^o)l 


We now enumerate some interesting properties of holomorphic functions (see |21). 

CX) 

Theorem 2.2. Let f{z) = 'Y^aiz'^ with Ui G Cp and r G |C*| such that lim |ai|r® = 0. Then 

i=o 

/ has a root a G Cp with |q;| = r if only if there exist n,m G h with n < m and such that 

|a„|r” = |am|r"* = sup{|aj|r*}. (1) 

i>0 

Moreover if n, m are the smallest and the greatest integers, respectively, that make o 
true, then f has exactly m — n roots with absolute value r, counting multiplicity. 


Corollary 2.3. Let B be a closed ball, f G Ti.{B), and D an open ball (resp. closed) 
contained in B. Then f{D) is an open ball (resp. closed). 

Corollary 2.4. Let f G ^.{B), wq G Cp, S G |C*| such that Bs{wo) C B. If\f{w) — f{wo)\ = 
a for all w in {w : |w — rcol = <5}, then 


f{{w : lie - wol = (5}) = {w : |w - f{wo)\ = a}. 


Corollary 2.5. Let B be a closed ball and f G Tt{B). Then there exists d G N such that the 
series f — w has exactly d roots in B, counting multiplicity, for all w G f{B). 

For / G Ti{B), we define the degree of the map / as the number d from the last 
corollary. 
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2.2 Polynomial dynamics over Cp. 

This section contains some important definitions and dynamical properties that will be 
needed later. 

Let P S Cp[z]. For z G Cp, we define the orbit of z, denoted by 0{z), as the sequence 
{P”(z)}„eN- If P{z) = z, we say that z is a fixed point of P; if for z there exists n G N 
such that P'^{z) = z, we will say z is a periodic point. 

Let P' be the formal derivative of P, zo a fixed point of P and 9 = |P'(zo)|. Then: 

(i) If 0 < 1, we say that zq is an attracting fixed point. 

(ii) If d > 1, we say that zq is a repelling fixed point. 

(in) If 0 = 1, we say that Zq is an indifferent fixed point. 

Other object of study is the filled Julia set denoted by K{P), that correspond to the 

set of points of Cp with bounded orbit. Some properties of the filled Julia set are: 

(i’) K{P) ^ 0. 

(ii’) K{P) is closed and bounded. 

(iii’) P~^{K{P)) = K{P), i.e. K{P) is completely invariant. 

Another important set is the Julia set, J{P), which is the boundary of the filled Julia 
set. The Julia set can be also defined as follows 

{z G Cp : for every neighbourhood [/ of z, [J P"([/) = Cp}. 

n^N 

Finally, we define the Fatou set as the complement of the Julia set. We denote it by 
F{P). 

We are not going to study just polynomials, so we have to introduce the concept of 
polynomial like maps. If U and V are open balls in Cp such that U CV and / : U —> V 
is a holomorphic function of degree d with d > I, we say that (/, U) is a polynomial like 
map of degree d. 

All the preceding concepts can be also defined, in a similar way, for polynomial like maps. 
That is, the filled Julia set of (/, U) is the set 

K{f, U) = {z€U: /"(z) G U for all n G Nj. 


The Julia set is 


and the Fatou set is 


J{f,U) = dK{f, U), 
F{f,U) = U\J{f,U). 


These new definitions will allow us to study the dynamical behavior of some holomorphic 
functions restricted to balls. 


6 



Let £> be a subset of Cp, a € D and la ■ Cp —s- M the map defined by laix) = \x — a\. 
We say that D is infraconnected if and only if for all a G Cp the set Ia{D) is an interval 
(see [HI)- In particular, for {f,U), we are interested in understanding the behavior of the 
filled Julia set. If we consider B, the smallest ball that contains K{f,U), then is 

a collection of disjoint closed balls, named balls of level n. Then for w G K{f,U) there is 
an unique sequence {Bn}nen of nested closed balls, where Bn is a ball of level n, such that 
w G n Bn- The set C{w) := CiBn is the infraconnected component of K{f, U) that contains 

nGN n 

w (see |H1)- 

Now let (/, U) be a polynomial like map. We say that E C U is a wandering set if 
/"(i?) Pi /"*(!?) ^ 0 only when n = m. 

Furthermore, if (/, U) and {g, U) are polynomial like maps, if there is a homomorphism 
h : U —> U such that g = h~^fh, we say that / and g are topologically conjugated. In 
these case, if i? is a wandering set of /, then h{E) is a wandering set of g. Therefore, the 
existence of wandering set is invariant under conjugacy. This fact will turn out to be very 
important to obtain our results. 
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2.3 The family of polynomials Pa- 

For A G A = {A G Cp : |A — 1| < 1} let 

PaW = -^^+ fl--) 

P \ Pj 


Theorem 2.6 (Benedetto). There is a dense set of parameters A G A, such that the poly¬ 
nomial P\ has a wandering disc contained in K{P\), which is not attracted to an attracting 
cycle. 

Now we will sketch the proof of this theorem (see [7]), paying attention to the techniques 
which will be important later. 

First we notice that Pp(0), with p = p'p^ , is invariant under the action of Px and that 2 ; = 
1 is a repelling fixed point. Now, we considere Pi(0) and Pi(l), which are neighbourhoods of 
the fixed ball Bp(0) and the repelling fixed point z = 1 respectively. From the strong triangle 
inequality and Corollary 12.dl we see that the set K{P\) is contained in Pi(0) U Pi(l). This 
allows us to define the itinerary of a point x G K[P\) as the sequence 

6162 .. .On ■ ■ ■ 

with 9i G {0,1} and Pl{x) G Bi{0i) for * G N. Furthermore, we obtain that all the points 
of a ball contained in the filled Julia set have the same itinerary. If this itinerary is not 
pre-periodic, then I? is a wandering disc. In order to find such disc is necessary to study the 
behavior of the P\ in the filled Julia set. The lemmas below describe such behavior. 

We define ^ > 0 by pS^~^ = p and the sequence {pnlneN by 

PO = 1 , PP^n=Pn-l- 


Lemma 2.7. m > 1, zq and zi such that |zo| = ki| = Pm- If \zo — zi\ < S, then: 

\P\izo) - Pxizi)\ < 

Pm—1\^0 ^l\- 

2 ) If zq, zi G Bi{l), then: 


Px{zo) - P\{zi)\ =p \zo- Zi\. 


Proof: 

1) We observe that 

P\izo)-Pxizi) = ^ (psz^~^ H-+ e^) + ^l - ((p+l)e^o+-' 

with e = zi — zq, since |e| = |zo ~ -Zil < ^ < pm and 


|Pa(^o) - P\(-Zi)| < |e| maxjz^ ^,p\s\P \ p^-i} = k| Pm-i, 


we have that 


\Px{zo) - Px{zi)\ < pm-i ko - Zl|. 



2) The proof is straightforward from the previous one and will be omitted. 


□ 


With the previous lemma it is possible to find a necessary and sufficient condition for the 
existence of wandering discs in K(P\), this condition is: 

Lemma 2.8. Let {mi}i>o, {Mi}i>Q be two sequenees of positive integers such that, for all 
i > 0 we have that Prm-i ■ ■ ■ ■ ■ Pi ■ < 1- Suppose that for Aq £ A there exists x £ K{P\g) 

with itinerary 



mo Mo mi Mi mi Mi 


then the ball U = {z : \z — x\ < S} is contained in K{P\g). 

Therefore, to prove Theorem 2.6 it suffices to find x £ K{P\) and sequences {wijigN 

with limMj = oo such that the hypothesis of the previous lemma are satished. In order to 
do this we study the function P\{z) as a function of A. 

Now, we will see two lemmas that will allow us to find such sequences {MijigN, 
with limMi = oo implying the existence of wandering discs in K{P\). 

Lemma 2.9. Let m > 1, and zo,zi £ Bp-m(l). //Ao,Ai £ A satisfy |zo — zi \ = |Ao — Aij, 
then 

i^i:(^o)-pr:(^i)i=p™iAo-Aii. 

Proof: We proceed by induction. From 

I^’ao(^o) - ■Pao(^i)I =p\zo- zi\ =p|Ao - All, (2) 

\P\oizi) - -Pai(-2^1)1 =p|Ao - Aill^i - 1| < p |Ao - All, (3) 

we have that |Pao('2o) — P\i {zi)\ = p |Ao — Ai[, therefore the lemma is true for m = 1. 

Now, for the inductive step, we suppose that zq, zi € {z : \z — 1\ < p”™}. By hypothesis 

we have that 

\PZ-\zo)-Pr-\z^)\=p'--^\Xo-Xi\. 

Therefore, 

\p,,{pr-\zo))-PxApr~\z,))\=pnxo-xi\, ( 4 ) 

\PxoiPZ~'iz,))-PxAPr-\z,))\=p\\o-Xi\\PZ-\z,)-l\<p"^\\o-\i\. ( 5 ) 

From 0 and 0 we obtain 

ii^i:(^o)-PA":(^i)i=p™iAo-Aii. 


□ 
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Lemma 2.10. Let m > 1 and zo,zi with |zo| = \zi\ = pm and such that \zo — zi\ < S. If 
Aq, Ai S a are such that 


Pm-l • . . . • /0l • Izo - zi| < |Ao - All < S', 


then 

I^a“M-Pa":(^i)I = |Ao-Ai|. 


Proof: First we will show inductively that, for 1 < i < to. 


I-Pao(^o) - ^Ai(^i)l < max{p^_i •... ■ Pm-i\zo - zi|,Pm-*|Ao - All}. (6) 

Observe that 


\P\o{z:o) - -Pao(2i)| < Pm-l\zo - Zi|, (7) 

|-Pao(2:i) - -Pai(2i)| = Pm-l|Ao - All- (8) 

Using the ultrametric inequality, 0 and ®, we get 0 for i = 1. 

If we assume as the inductive hypothesis, we have 

iPxoiPloi^o)) - PxoiPlM))\ < Pm-^-l\Pl{zo) - P{M)l ( 9 ) 

I^A„(Pl,(^l))-PA,«,(^l))|=Pm-.-l|Ao-Ai|. (10) 


From m and cni) we obtain for i + 1. Notice that for the inductive step from to — 1 
to TO, the hypothesis of the lemma gives us that 


I^a“M-Pa":(^i)I = |Ao-Ai|. 

Let A S A and Mq g N with p~^° < S, we choose toq G N such that 

Pmo-l ■ ■■ ■ ■ PiP^° < 1 - 
Now, if we choose x G K{P\) with itinerary 


□ 


mo 

we obtain Lemma hypothesis with zq = Pf^°{x),Zi = Pff°{x) and M = Mi, for all 
Aq, Ai G {z : |A — z| < and we have 

|pmo+Mo _ p^o+Mo I = pMo 1^^ _ I ^ 

Hence, there exists wq G A with (x) = 0 such that the itinerary of x for Pyj is 



mo Mo 
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for all w G {z : \z — wq\ < p 

As before, we choose Mi such that and mi such that 

Prm-i ■ ■■■■ PiP^^ < 1 

obtaining that there exists A' G A with |A' — rcoj = PmiP~^^ such that Py{x) = 1. 
Therefore, the itinerary of x for Py is 


11.. 

mo Mo mi 


Lemnia r2.1()l allows us to make this process inductively, obtaining the Lemma |^1 hypoth¬ 
esis. 


3 Results. 

In this section, we establish some properties of the perturbations of the polynomials P\. 
Throughout, 

PO — 1) P — Pn-l- 

Recall that pp^ = p and that pSP~^ = p. For the rest of this work we fix r G |C*|, with 
r > 1 and i3 = {zGCp:|z|<r}. The perturbations are: 


Q\{z) = Px{z) + Q{z), 

where Q G 'H{B) with ||(5|| < p. For this family we will obtain the following result: 

Theorem 3.1. There is a dense set of parameter A G A such that the function has a 
wandering disc contained in the filled Julia set, which is not attracted to an attracting cycle. 


To prove this theorem, we will study a topological conjugation of Q\. 

Notice that 

P{Q\{z)-z) G Oc^[[z]], 

in addition 

Ip Q*(i)-p| = i |g(i)|<^ 

p p 

and 

Ip (g^)'(i)-i| = i |Pi;(i) + Q'(i)-i| = i. 

From Hensel’s Lemma, there is an unique root of p {Q*x{z) — z) in i?r,p(l), where rg = 
We denote this root by za and observe that za is a fixed point of g^. 

Now, we define the function 


obtaining that 






1 | < 


IQ(i)l ] 

p I 
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Proposition 3.2. The function h is holomorphic in A. 

Proof: 

Let {hn}n>o be the sequence of functions defined recursively as follows: 


ho{X) = 1 


Ql{hn-l{X)) 


Then for all n S N, hn is a rational function without poles in A. 
As in the proof of Lemma o we have 


h^{X)-h{X)\ 


Q*MX)) 


^JQinUX)) 


< max 

i>n 


Q*MX)) 


{Qlyih^ix)) 


= max|Q^(/ii(A))| < 

i^n 

Hence hn converges to h uniformly in A. Therefore, h S TC{A). 


We may now introduce the affine map 

Ax{z) = z + h{X) - 1 

we will work with the map 


Qx{z) = Af\Ql{Ax{z))) = Px{Ax{z)) + Q{Ax{z)) + 1 - h(X). 
which is affinely conjugated to Qt. Notice that 


□ 


Qa(1) = Px{Ax{l)) + Q{Ax{l)) + I - h{X) 

= Px{h{X)) + Q(h(X)) + l-h{X) 

= 1 . 


Moreover, 


|Q1(1)| = |P'(A,(1)) + Q'(A,(1))| 

= |P'(MA)) + Q'(MA))| 

= P- 


Thus, just as to the polynomials Pa, = 1 is a repelling fixed point of Qx for all A G A. 
For the family Qx we will obtain the following theorem. 
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Theorem 3.3.There is a dense set of parameter X € A such that the function Qx has a 
wandering disc contained in the filled Julia set, which is not attracted to an attracting cycle. 


Proof of Theorem ED 

Recall that Qx[z) = Al\Ql[Ax{z))), i.e. Q*x{z) = Ax[Qx{Ax\z))). 

If I? is a ball, then A'f^{D) and A\{D) are balls, and, obtaining directly that K{Qx, B) = 
Af^^ {K{Q'^, Ax{B))), it is sufficient to show that if Z? is a wandering disk for Qx, then A~^{D) 
is a wandering disk for Q’^. 

Suppose that is a wandering ball for Qx, i.e. Qff{D) n Qx{D) = 0 when n ^ m. It 
follows that for n mwe have that Af^^ {{Q x*)'^ iAx{D))) n Af^^ {{Q x*)"^ iAx{D))) = 0, then 
{Qx*)^{Ax{D)) n {Qx*)"^{Ax{D)) = 0. Therefore Ax{D) is a wandering disk for Q'^. □ 

3.1 Properties of Qa(^). 

The next proposition states a property of the function h that will be used several times. 
Proposition 3.4. If Aq, Ai S A, then |h(Ao) — h{Xi)\ < p|Ao — Ai|. 

Proof: 

Let Aq, Ai G A. Since 


QloiH>^o)) - = H>^o) - /i(Ai) 

we have that 

IQ1o(MAo))-Qa,(MAi))|<^^ 

and from 

IQ(/i(Ao)) - Q(MAi))| < ^ IMAo) - MAi)|, 

it follows that 

|Pao(MAo)) - 1^a,(/i(Ai))| < ^ IMAo) - MAi)|. 

P 

In addition, from 

|Pao(/i(Ao))-Pao(MAi))| =P \h{Xo) - h{Xi)\ > ^ \h{Xo) - h{Xi)\ 

\PxoiHXi)) - PxAh{X,))\ =p\Xo- All \h{XA - 1| 
and by isosceles triangle principle, necessarily we have that 

p |Ao - All \h{Xi) - 1| = p |/i(Ao) - h{Xi)\. 

Finally from |h(Ai) — 1| < |, we have that |/i(Ao) — /i(Ai)| < p|Ao — Ai|. □ 
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Lemma 3.5. Let z S Cp. 

i) If p< |z| < 1, then \Q\{z)\ = p |z|p > |z|. 

ii) If\z\ < p, then |Qa(z)| < p. 

Hi) If |z — 1| < 1, then \Q\(z) — 1\ = p \z — 1\. 
iv) Ifl< \z\ <r, then \Q\{z)\ =p 

Proof: 

From Proposition 13.41 for every A S A we have that \h{X) — 1| < - < p. 

i) Since p < 1^1 < 1, we have that |Aa( 2 :)| = l^]. In addition, \A\{z)Y’'^^ < \A\{z)\p. 
Hence |Pa(Aa(2:))| = p \A\{z)\p > ppP = p. Furthermore, |Q(Aa(z))| < p and |1 — 
h(A)| < p, therefore 

\Qx{z)\ =p \z\P. 

ii) Observe that |Aa( 2 )| < p since \z\ < p. It follows 

\Px{Ax{z))\ =p |Aa(z)|p < ppP = p. 

In addition, from \Q{Ax{z))\ < p, |1 — /i(A)| < p and the strong triangle inequality, we 
have that 

\Q\{z)\ < p. 

Hi) 

|QaW-1| =|QaW-Qa(1)| 

= |Pa(AIaW) + Q{Ax{z)) - Px{Ax{l)) - Q(Aa(1))|. 

Since \Ax{z) - Aa(1)| = \z - 1|, we have that \Px{Ax{z)) - Pa(Aa(1))| =p\z- 1|. 
Moreover, |Qa(Aa( 2 )) — Qa(Aa(1))| < p\z — 1|. Again, from the strong triangle in¬ 
equality, we have that 

\Qxiz) - 1| =p I 2 ; - 1|. 

iv) Since \z\ > 1, it follows that |Pa(Aa(2:))| =p Furthermore, \Q{Ax{z))\ < p and 

|/i(A) — 1| < p, therefore 

\Qx{z)\=p\zr\ 

□ 

Recall that B is the closed ball defined by {z G Cp : |z| < r}, where r is an element of 
|Cp| chosen in the beginning of this section. 

Proposition 3.6. For each A G A, {Qx, B) is an polynomial like map of degree p -I- 1. 

Proof: 

Let A G A. From the previous lemma we deduce that Qx{B) = {z : |z| < p 7^+^}, we will 
prove that {Qx, B) is of degree p+1. 

Since |Pa(Aa(z)) — Pa(z)| = P |^(A) — 1| < p we conclude that 

Qx{z) - Px{z) = Px{Ax{z)) - Px{z) + Q(Aa(z)) - h{X) + 1, 
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using that HQa — -PaH < P, the power series of Q\ is 


Qx{z) — do + dl^ + ... + I dp H— ) -h f dp+i + 1- 

\ Pj \ P 


+ dp+2Z^'''^ . 


where sup{|ai| 2 :*} < p. From Theorem l2.2l it is possible to count the solutions of Q\{z) — wq = 

i>0 

0 . 

Ifp < lidol < and f{zo) = wq, then |zo| = , bv Lemma l3.5f iv ). Therefore 

wq has p + 1 pre-images in B. Hence {Q\, B) is a polynomial like map of degree p -I- 1. □ 


Proposition 3.7. K{Qx,B) C i3i(0) U 


Proof: 

Suppose that z ^ i?i(0) U 

If \z\ > 1 then |Qa(-z)| = p|z|^'''^- It follows that there exists n G N, such that Qx{z) ^ B. 
If \z\ = I and |z - I| = 1, then |Qa(-2:)| = |Pa(^a( 2)) -f Q{Ax{z))\ = p. Hence z ^ 
K{Qx,B). 

Therefore iF(QA, 5) C Hi(O)UHi(I). □ 


This result allow us to define the itinerary of a point in K{Qx, B). To simplify notation 
let Bq = -Bi(O) and Hi = Hi(l). 

For any z G K{Qx, H), the itinerary of z for Qx is defined by 

00 ^ 1 ... 0ra • ■ • G {0, where Qxiz:) G Bg^ for all n > 0. 

Lemma 3.8. Let A G A and D a ball contained in K{Qx, B). Then: 

1) All points in D have the same itinerary for Qx- 

2) If the common itinerary of points in D is not pre-periodic, under the one side shift, 
then D is a wandering disc which is not attracted to an attracting periodic point. 


15 


Proof: 


1) We proceed by contradiction. Assume that there exist zq and Zi € D with different 
itineraries. Then there exists no £ N such that Q^°{zo) G Bq and Q^°{zi) £ Bi. 
Since (D) is a ball which has non-trivial intersection with Bq and Bi we have that 
{z : \z\ < 1} C Q^°{D) C K{Q\,B), obtaining a contradiction with Proposition Id. 71 

2) Now, we suppose that D is not a wandering disc, that is, there exist n > m > 0 

such that QxiD) fl Q^{D) ^ 0. Hence Q^{zq) £ Q^iD) for some zq £ D. Therefore 
Q\{zq) £ for all k in N. 

Since every point in D has the same itinerary we conclude that the itinerary of the 
points in D is pre-periodic with eventual period n — m. 

We must show that D is not attracted to a periodic orbit. We suppose that there is an 
attracting periodic point zq and s > 0 such that Bs{zq) is contained in the attracting 
basin of zq, and zi G D such that zi £ Bs{zq), from the first part of the proposition 
we have that every points of Bb{zq) have a common itinerary, and it is periodic. □ 

From the previous lemma we conclude that in order to prove Theorem IQ it is sufficient 
to find a wandering disc in the filled Julia set of {Qx, B) whose itinerary is not pre-periodic, 
for a dense subset in A. Therefore, we need to study the behavior of the points in K{Qx, B) 
such that its orbit visits both Bq and Bi. 

From Lemma 13.51 we know that the open ball Bp{0) is fixed under the action of Qx and 
we have that a point x G B has itinerary 

n 

if and only if \x\ = pn- Recall pq = \, pp^ = Pn-i- This crucial fact holds already for the 
family Px 0- 

The following lemma describe the local behavior of Qx in the set {z : \z\ = p„} and in 
Bi. 

Lemma 3.9. p Let m > 1, |zo| = \zi \ = Pm- If l-^o — zi \ ^ S, then 

\Qx{zo) - Qx{zi)\ < Pm—11^0 ^l\- 

2. If Zq, zi G Bi{l), then: 

\Qx{zo) - Qx{zi)\ =p \zo- Zil. 

Proof: 

1) We observe that |AA(zi)| = \zi\ = pm, hence 

|Q(Aa(2;o)) - Q{Ax{zi))\ < p \Ax{zo) - Ax{zi)\ = p \zq - zi\. 

Letting e = Ax{z\) — Ax{zq) we have 

Px{Ax{zo)) - Px{Ax{zi)) = - {peAxizoY~^ + ... + peP~'^Axizo) + e^) 

+ (i - l) Up + + • ■ • + 
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Moreover, |Pa(^a(2:o)) -Pa(^a(^i))| < \e\max{Ax(zo)P '^,p\e\P \pm-i} = |e| Pm-i, 

since |e| = \zo - zi\ < S < pm = |a1a(-2:o)|- 

Therefore 

|Qa(-2:o) - Qa(-2i)| < Pm-l \Z0 - Zi\. 

2) We note that if y £ -Bi, then Ax{y) £ Bi. Now 

Pa(-4a(2:o)) - P\{Ax{zi)) = ^ {p€Axizo)P~^ + ... + peP~^Ax{zo) + e^) 

+ (l-^) iip+l)eAx{zo)P + ... + eP+^), 

where e = zq — zi, thus |Pa(^a(-Zo)) — Ba(Aa( 2 :i)| =p \zo — Zi\ since |e| < 1. Furthermore 
we have that 

\Q{Ax{zo)) - Q{Ax{zi)\ < p \zo - zi \ < p \zo - zi\. 

Therefore 

\Q\izo) - Qxizi)\ =p \zo- Zi\. 

□ 


The following lemma gives a sufficient condition for the existence of a wandering disc in 

KiQx,B). 

Lemma 3.10. Let {mi}i>o, {Mi}i>Q be sequences of positive integers such that if i > 0 

Prrn-l ■ ■■■ ■ Pi -P^' < 1- 

If for Ao £ A there exists zq £ K{Qxo) with itinerary 



mo Mo mi Mi mi Mi 


then the closed ball D = {\z — Z(i\ < S} is contained in K(Qxo)- 

If we add the hypothesis limM^ = oo, then by Lemma, \S.tH we have that D is a wandering 
disc contained in K{Qx,B) which is not attracted to an attracting cycle. 

Proof: 

We now dehne the sequence {A^i}i>o recursively: 

A^o = 0 

Ni = Ni-i + iTii-i + Mi-i. 

We will prove inductively that diam(Q^‘ (B)) < S. For i = 0 the claim is true because 
the definition of D. Suppose that diam(Q^'(B)) < S, since [zq) £ Bq for all j in N 

with 0 < j < rui and Qxg~^"^'{z:o) £ Bi, it follows that |(5^‘(-2:o)| = Pmi- Therefore |Q^*(y)| = 
Prrii and Qxg''~"''iy) s Bi for all y £ B. 
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From the first statement of the previous lemma we have that 


diam(Q^J+™‘(i:))) < ■... • pi diam(Q^j(i:))) < p ^'S. 

Now, using the second statement of the same lemma, we obtain 

diam(Q^;+’”^(7^)) < 

Therefore D C iF((5Ao) ^)- 


18 



3.2 Parameter selection. 


In this section we will prove results that describe the behavior of the iterates Q^{z), not 
just as a function of 2 but also as a function of A. 

Lemma 3.11. Let Ao,Ai S A. 

1) If z e Bq then \P\o{z) - P\iiz)\ = p |z|p|Ao - Ai|. 

2) If z £ Bi then \Pxo{z) - P\iiz)\ =p |Ao - Ai| |z - 1|. 

Proof: 




2 ) 


\Px,{z) - PxAz)\ 



= p |Ao - All k - It- 


\P\oiz) - PxAz)\ 



= p |a;|P |Ao - All- 


□ 


Lemma 3.12. Let M S N and xo,xi £ {x : \x — 1\ < p ^}. If the parameters Aq, Ai £ A 
are such that |Ao — Ai| = jxo — xil, then 

IQ^(^o)-0^(cci)|=p^|Ao-AiI. 

Proof: First we prove the lemma for M = 1. 

By the second part of Lemma 13.91 we have 


|QAo(a;o) - QAo(a;i)| =p\xo- Xi\ =p\Xo- All- (1) 

Furthermore by Lemma rm and Lemma EH we obtain 

|PAo(^Ao(a;i)) - PAo(^Ai(a:i))| =p \h{Xo) - h{Xi)\ < p \Xo - Ai|. (2) 

By Lemma rrm we conclude that 

|PAo(^Ai(a;i)) - Pai(Aai(xi))| = p |Ao - All |AAi(a:i) - 1| < p |Ao - Ai|, (3) 
and from equations II and © 

l-PAo(^Ao(a^i)) - ^’Ai(AAi(a:i))| < p |Ao - Ai|. (4) 

Moreover, 

\Q{Axo{xi)) - (3(AAi(a:i))| < p |/i(Ao) - /i(Ai)| < p |Ao - Ai|. (5) 

From 0 and 0 we have that 

IQAo(a^i) - Qai(xi)| < p |Ao - All- (6) 
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Finally, from m and we obtain that |QAo(a^o) - Q\i{xi)\ = p |Ao - Ai|. 

Now let us prove that the proposition is true for M + 1. By the inductive hypothesis and 
the third statement of Lemma 13.51 we have that Q^^{xo),Q^^{xi) belong to Bi and using 
Lemma Hf. hi with zq = Q^(xo) and zi = Q^_^{xi) we obtain that 

\Q\AQ\^{xq)) - Qx^{Qx^{xi))\ =p^+i|Ao - Ai|. (7) 

Furthermore 

|i"Ao(AlAo(0^(a^o)))-/^Ao(AlA,(Qj^(a;o)))|=P IMAo)-MAi)| <P |Ao-AiI, (8) 
just as before, from the previous lemma 

I^Ao( aIa, {Qt (xo))) - Pa,(AIa,(Q j^(xo)))| < P |Ao - All (9) 

and 

|Q(AlA„(g^(xo))) - Q(AlA,(Qj^(xo)))| < P |h(Ao) - h(Ai)| < p |Ao - Ai|. (10) 
The strong triangle principle applied to (©, ® and cnj gives us 

IQAo(Qj^(xo)) - QA,(Qj^(a.o))| < P |Ao - All, (11) 

and from 0 and CD we conclude that 

- Q’^+^{xi)\ =p^+i|Ao - All- 

□ 

Lemma 3.13. Let m G N and let X(i,xi be such that |a;o| = |a^i| = Pm and \xo — a:i| < S'. If 
Ao, Ai G A are such that 


pjn-i ■ ... • pi|a:o - xil < |Ao - All < S, 


then 

ioroM-Qr,(^i)i = iAo-Aii. 


Proof: 

We start by inductively proving that if 1 < i < m, then 

Qao (^0) Q\\ (^1) I S cnax^p,,,—, | Aq Ai |, pm—i ■ ... ■ Pm—i |^o I}■ 

From the first part of Lemma [3.91 we have 

|QAo(a;o) - QAo(a;i)l < Pni-ilxo - xil. (12) 

Since |AAo(a:i)| = |AAi(a:i)| = pm, and pm-i ■ ■■■■ pi\h{Xo) - h(Ai)| < |Ao - Ai| < S, we 
obtain 

|PAo(^Ao(a^i)) - Pai(Aai(xi))| < max{pm-i\h{XQ) - /i(Ai)|, pm-i|Ao - Ai|}, (13) 
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by the equation ® of Lemma [^.1 HI 
Moreover 

|(3(^Ao(2;i)) - Q(AAi(a;i))| < p\h{Xo) - /i(Ai)| < p|Ao - Ai|. (14) 

From inequalities la and la, together with Proposition!^] we have 

|QAo(a;i) - QAi(a;i)| < pm-i|Ao - Ai|. (15) 

Now inequalities and itTKli give us 

IQxoi^o) - Q\iixi)\ < max{p„_i |a;o - a;i| j Pm—1 1-^0 -^11}- 

Therefore which one is true for i = 1. 

Now suppose IQ^Jcro) - Q\^{xi)\ < max{pm_i|Ao - Ai| ; Pm — 1 ' ■ . ■ ' Pm — i\XQ - Xl|}. 

Notice that |(5Ap(a:o)| = \Q\^{xi)\ = Pm-i, therefore, using Lemma ld.Hl with zn = 
and zi = Q\^{xi), we obtain that 

\Q\AQ\o(^o)) - Q\AQ\,{^i))\ < Pm-{i+i)\Q\^{xo) - Q\,{xi)\. (i6) 

From Lemma Fd. 1 II with x = Aao(Qap(xo)) we have that 

I^Ao(^Ao(0*Ao(a;o))) -Cxi(^Ao(Qao(®o)))| = P |Ao - >^l\ pl,-i = Pm-(t+l)\^0 “ Ai|. (17) 
Using the first part of Lemma [2.71 we obtain that 

I^A, (aIao {Q\,{xo))) - Pa, (AIa, {Q\, (xi)))| < {x^) - Q\^ {x,) + h{\^) - h{M)\, 

IC(^Ao(Cao(2^o))) - Q{Ax^{.Q\{xo)))\ < pI^Ao -2AiI < p|Ao - Ai|. 

From the inequalities above and Proposition |^3I we have that 

ICaq (xq) Cai (^l)l — (z+1) I Aq Ai I, Pm —I * ■ . ■ ' Pm—{i+l) 1^0 1 }• 

Notice that in the inductive step for i = m — 1, we have that 

\QTo~^(^o) - QZ~^ixi)\ < max{pi|Ao - Ai|,p„,_i • ... • pi\x^ - xi\}. 

From the above inequality we obtain 

\QxAQZ-\x,))-QxAQZ-\x,))\<p,\QZ-\x,)-QZ-\x,)\ < lAo-Ail 
and from lemmas rrm and E3 we have the following inequalities 

iPA,(AiAo(Qr„-'(^o))) - PA,(AiA,(Qr'(^i)))i ^ icr'(^o) - qz -\ x ,) + kx ,) - ma^i 

< |Ao — Ai |. 

\Pxo{Ax,{QZ-^{x,))) - PA,(AlA„(Qr'{^o)))| =p|Ao - Ailpf = |Ao - Ai| 
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Moreover 


IQ(^Ao(Qro”'(^o))) - Q(AA,(Qro”'(^o)))| < p\hi\o) - h{x,)\ < |Ao - Ai 
and using the four previous inequalities and Prouosition ld.lll we have 


IQroM-gr,(^i)l = |Ao-Ai 


□ 


Proposition 3.14. Let A G A and consider x G K(Q\,B) with itinerary 

9o9i... 9n-l 111..., 
for Qx, i.e. Q^{x) = 1, for some n > 1. 

Suppose that there exists e G (0,1) such that for all Aq, Ai in {w : jw — A| < e}, is true 
that - Ql^{x)\ = |Ao - Ai|. 

Let M, m G N 6e such that p~^ < e and 

p^ ■ pm-i ■ ... • Pi < 1. 

Then there exists A' G A with |A — A'| < p~^ such that x has itinerary 


9o9i.. .9n-il_^Q_^ll... forQx' 

M m 

and such that for all pairs of elements Aq, Ai in {uj : \u! — A'| < Sp~^}, we have that 


Proof: Let (f) : A —> Cp be the function defined by 0(w) = {x). By Proposition 13.21 

we have that (f is holomorphic in A. Furthermore, by hypothesis, if Aq, Ai G Bp-M{X), then 

\Q\oi^) - Q^iix)\ = |Ao - All < p~^. 

Applying Lemma Tl. 121 to zq = Q^^{x) and zi = Q^^{x), we have that 

|0(Ao) — (/)(Ai)| = p*^|Ao — Ai|. (18) 

Then, by Corollary 12.41 we have that (j){{w : |w — A| = p~^}) = {tc : |w — 1| = 1}. 
Therefore, there exists wq G A such that (fiwo) = 0. 

If w G {z : I 2 ; — wol < P~^}, the itinerary of x for is 

00 0i...0„-il_^O... 

M 

this is direct consequence of m- 

Now let us consider the function if : A —> Cp defined by if{w) = 
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Since Q\ leaves i?p(0) fixed, we obtain that |V'(wo)| < p. Now, by itHHl we have that 
\4>{w)\ = Pm if w is such that |w — icoj = pmP~^, hence \ip{w)\ = 1. Using again Corollary 
EH we observe that 

ip{{w : |w; - wol = P~^Pm}) = {w : |w| = 1}. 

Therefore, there exists A' such that = 1- 
Thus, the itinerary of x for Qy is 


6»o 

M m 

Notice that |(/)(A')| = Pm- If Aq, Ai belong to {w : |w — A'| < Sp~^}, then the points 
zo = <^(Ao) y ^1 = (/>(Ai) are such that \zo\ = \zi\ = Pm and \zo - zi| = p^\Xo - Ai| < 5, by 
m- Moreover, by hypothesis, we have 

Pm-i • • • Pil^^o ~ 2i| = Pm-i ■ ■ • PiP^\Xo — All < |Ao — Ai|. 

Now, applying Lemma Id. Idl we obtain that 

|^„+M+™(^) _ Qn+M+™(^)| ^ 1^^ _ ^^1^ 

□ 

Proof of Theorem 13.3L 

We define the sequence {MijigN recursively. Choose Mq S N such that p~^° < S, and 
suppose that Mi is already defined. Now choose Mi+i G N satisfying < S. 

Furthermore, we define {mijigN such that for each i £ N, 

Pmi-i •■■■■ pi ■ P^' < 1- 


For an arbitrary Aq £ A there exists x G Bq such that Q^°{x) = 1, i.e. its itinerary for 


Qao is 


0 ... 0111 ... 

mo 

By Lemma mu for A £ A with |A — Ao| < S', we have 


|(?r(^)-QC(^)l = |A-Ao|. 

Since Pmi+i-i ■ ■ ■ ■ ■ Pi ■ p^'+^ < 1, we have that 

P^' ■ Pmi+i-l •... • pi < S < 1. 


Therefore for A = Aq, n = mo, m = mi and e = p the hypothesis of Proposition 13.141 
hold. Hence we may consider Ai with |Ao — Ai| < p~^o and such that the itinerary of x for 
Qai is 



In view of the second part of Proposition ITT41 for all pairs of elements loo,uji in {lo : 
loj —All < Sp~^°} we have that — = \ujq—u)i\, then we can 
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use this proposition recursively. For the i-th step we consider n = no + Mq + ... + nii-i + 
Mi-i + TOi, A = Ai_i y Ci = obtaining A^ S A with |Ai — Ai_i| < Sp~^' and such 

that the itinerary of x for Q\. is 




Mo 


Mi-1 


By definition lim Mi = oo, and since |Ai+i —Xi\<Sp {Aijig^ is a Cauchy sequence. 

i —»-oo 

If we call its limit A we have that |A — Ao| < p~^° and the itinerary of x for Q\ is 



Moreover the sequences {MijigN, satisfy the hypothesis of Lemma ld.lHI therefore 

Q\ has a wandering disc contained in K{Q\, B), which is not attracted to an attracting cycle. 

Finally, recall that Ao S A and Mq S N were chosen arbitrarily and since |A — Ao| < p~^° 
we have that for a dense set of parameters A G A the function Q\ has a wandering disc in 
K{Q\, B) which is not attracted to an attracting cycle. □ 


24 


References 


[1] Benedetto, R.L., Examples of wandering domains in p-adic polynomial dynamics,C.R. 
Acad. Sci. Paris, Ser. I 335 (2002) 615-620. 

[2] Benedetto, R.L., Eaton components in p-adic Dynamics, Thesis, Brown Univ., 1998. 

[3] Benedetto, R.L ,Components and periodic points in non-archimedean dynamics,Proc. 
London. Math. Soc. 83 (2002), 231-256. 

[4] Cassels, J.W.S., Local fields, LMS student texts 3, Cambridge University Press, 1986. 

[5] Escassut,A., Analytic elements inp-adic analysis. World Scientific World Scientific, 1995. 

[6] Rivera-Letelier, J., Dynamique de gractions rationnelles sur des corps locaux, Ph. D. 
These, U. de Paris-Sud, Orsay, 2000. 

[7] Rivera-Letelier, J., Polynomials over Cp with wandering domains, after R. Benedetto. 
Preprint 2002 

[8] Rivera-Letelier, J., Sur la structure des ensembles de Fatou p-adiques. Preprint 2002. 

[9] Rivera-Letelier, J., Dynamiques des fonctions rationnelles sur des corps locaux. 
Ast’erisque 287 (2003), 174-230. 

[10] Sullivan, D., Quasiconformal homeomorphisms and dynamics. 1. Solution of the Fatou- 
Julia problem on wandering domains. Ann. of Math. 122 (1985), 401-419 


25 



